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Abstract 

m 

^ , We show that the shell-universe model (used to explain the ob- 

served expansion rate of the universe without a dark energy compo- 
nent) provides a natural mechanism for local increasing of the brane 
tension leading to the modified Newton's law alternative to galactic 
dark matter. 
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1 Introduction 

O 

■ Numerous astrophysical observations have shown that classical Newtonian 
, dynamics fails on galactic scale and beyond, if only visible matter is taken 

■ into account. So long the only evidence for the dark matter is its global 
gravitational effect. The two most popular theoretical concepts dealing 

L J ■ with this problem are dark matter (DM) and modified Newtonian dynamics 

\ (MOND). In other words, either the universe contains large quantities of 

■ unseen matter, or gravity is not generally the same as it appears to be in 
the solar system. 

MOND, alternative to cosmic dark matter was proposed in to explain 
flat rotation curves or the existence of a mass-rotation velocity relation for 
spiral galaxies. An obvious first choice would be to propose that gravi- 
tational attraction force becomes more like 1/r beyond some length scale, 
which is comparable to the scale of galaxies |3 . In this model a test particle 
at a distance r from a large mass M is subject to the acceleration 

where Gtv is the Newtonian constant, is of the order of the sizes of 
galaxies (a few kpc) and g{r /r^) is a function with the asymptotic behavior 
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9{r/ro) = r/ro , (r > Tq) . (2) 

The fact that, to some extant, both DM and MOND can successfully 
explain galactic dynamics favors the possibility that there exists a deeper 
connection between these two theories Let us consider one such possi- 
bilities in the braneworld approach. 

Throughout this paper we assume that galaxies containing only the 
observable baryonic matter are a fair sample of the universe. We want to 
consider the model of the universe as a 3d spherical brane expanding in a 
5d space-time. This brane provides the localization of matter on the 
and in a large-scale approximation can be regarded as a homogenous and 
isotropic closed universe. The shell-universe model allows one to explain the 
observed expansion rate of the universe without a dark energy component 

Two observed facts of cosmology, the isotropic runaway of galaxies and 
the existence of a preferred frame in Universe where the relic background 
radiation is isotropic, also find their obvious explanation in shell- universe 
model. 

Here we consider the shell-universe model on the scale characterized 
by the galaxy size and study the possibility how the galaxy in this model 
can modify Newton's law at large distances. The discussion is present in 
section 2. Section 3 is devoted to the summary and in the appendix we 
recall some results from the theory of elasticity. 

2 Galaxy in/on the shell- universe 

We shall consider the shell-universe model with the negative cosmological 
constant, which is the same inside and outside of the shell |4j. Assuming 
that the present value of the shell radius much exceeds the galaxy size 
one can approximate the shell locally (at the distances comparable to the 
galaxy size) by the well known flat brane solution 5,6. The flat brane 
solution embedded in AdS^ and located dA, y ~ yo has the form 

ds^ = e~^''^y^y°^r]f,^dx''dx'' + dy^ , (3) 

where /x, v — 0, 1, 2, 3, parameter yo denotes the present value of the 
shell-universe radius, e = a/— A/6 characterizes the width of the brane and 
Vfj.i' = diag{~ + -I- is the four dimensional Minkowskian metric. The 
negative bulk cosmological constant A is adjusted as k^A^/6 = —A, where 
A is the brane tension and G = k^/Stt is the 5d gravitational constant 

Now let us put the galaxy on the brane. In the presence of matter 
on the brane Q, the linearized approximation to the gravitational field 
requires choosing a gauge in which the brane is bent in some neighborhood 
of the matter [3IH]- However, as it was shown a bit later this kind of brane 
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bending is the artefact of incorrect gauge fixing condition |^ and should be 
ruled out. Nevertheless, it is of interest to view what kind of modification 
of Newton's law arises due to this bending, which we parameterize as y = 

yo - a^n- 

The real bending of the brane appears because of the gravitational 
attraction the galaxy by the shell-universe. The galaxy deforms some neigh- 
borhood of that part of the brane upon which it acts and leads to the 
appearance of an "elastic" force. We have introduced the "elasticity" of 
the brane into play in order to compensate the gravitational force between 
the galaxy and the shell-universe. Hence, in the region the galaxy is situ- 
ated the energy density of the brane (i.e. the brane tension A) is increased. 
Generally speaking, the increment of tension is proportional to the gravita- 
tional force by which the shell-universe attracts the galaxy and is inversely 
proportional to the galaxy volume. Since the core of the galaxy is much 
more dense than its outer part, it is natural to assume that the deforma- 
tion of the brane is defined mainly by the galaxy core and thus with a good 
accuracy is spherically symmetric. By taking into account that the mass 
of the shell- universe is 27r^AyQ and in 5d space-time the gravitational force 
obeys the inverse-cube law one finds that the magnitude of gravitational 
force which acts on the unit of brane area is proportional to k^AToo(x), 
where x are spatial coordinates on the brane and Tqq{x) denotes the mat- 
ter density of the galaxy. Due to its "elastic" nature the increment of the 
brane tension, i.e. the deformation energy density, is equal to 

a = |(A^e)^ (4) 

where A denotes the 3d Laplace operator and D is the "stiffness" coeffi- 
cient of the brane (see Appendix). Using the equation describing the 
deformation of an elastic plate one finds that 6^ is governed by 

^'S^-^Tooix), (5) 

with the boundary conditions 

S^{R) = , AS^iR) = , (6) 

where R is the radius of concavity. 

Far from the center of galaxy (r ^> ro) the eq.© reduces to 

A^S^^^^Six) , (7) 

where M denotes the mass of galaxy. From eqs.Q and ^ one finds 

^(i?-r) (2i?-r) 
3^ ' 

SX^2,^Da-l)\ (8) 
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where 

5=-^^-^. (9) 
32D 16D ^ ' 

From now on we assume that the coordinates y, x are Gaussian (nor- 
mal) ones in some neighborhood of the 3-brane. The gravitational equa- 
tions on the 3-brane take the form JTj 

G^i/ = -^igfiv + + ^'^^t^y ~ ^p.i' ' (10) 

where T^,y is the matter energy momentum tensor, 



A.= 2l^ + ^j (11) 

is 4d cosmological constant, E^^i, is limiting value of the electric part of the 
bulk Weyl tensor on the brane and 

n^.. = + ^TT^y + Ig^uT^ffT'^^ - Y^g^.^^^ , (12) 

here T = T/. 

In the low energy limit the quantities E^^ and 11^;^ are negligible and 
ea. HlQ(l reduces to the 4d conventional Einstein gravity 

Gfiv — — A4(7^^ H — Q~'^t^'^ ■ (1"^) 
Assuming 5X{r) <C A, in the Newtonian approximation I12| 

Too » \Tc.^\ , 500 = -1 - , Roo - , (14) 
the ea. (|13|l takes the form 

Acp = ATTGN[SXir)+Too] , (15) 

where Gjy = K^X/iSn. 

From ea. p5|l follows that the potential about a mass M has the form 

^^^Gj,^-G^ fd'x'-^. (16) 
r J \r — r\ 

From eq.® one obtains that in the region tq ^ r ^ i? the tension incre- 
ment behaves as 

SX - . (17) 

This leads to the appearance of a logarithmic potential far from the galaxy 
center. More precisely, for the tension increment SX given by eq.® the 
solution of ea. p5|) in the region ro ^ r < R behaves as 

ip = Snb^DGN 1^ - - +ln(r//3)j - Gn— , (18) 
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where P is an integration constant with units of length. Thus, the grav- 
itational acceleration of test particle in the region rp ^ r ^ i? has the 
form 

^ M 8TTb'^DGN \ r 
a = -Vip = - Gn^ + - . 19 

y J, J J. 

The compatibility of this attraction law with the eq. leads to the follow- 
ing fine-tuning condition 

Af 

8T:b^D = — . (20) 
ro 

Substituting the expression ^ this condition takes the form 

r,M ^ ^ (21, 

From this relation it follows that if the brane-width e and the stiffness 
coefficient D are universal parameters on the brane the length scale rp 
(at which the deviation from Newton's law becomes essential) is inversely 
proportional to the mass of galaxy M. For the object with mass ~ Mq w 
10~^^M one finds that modification of Newton's law takes place out of 
horizon and is unobservable. 

Now let us consider the second possibility of modification of the New- 
ton's law related directly with the displacement of the brane caused by the 
gravitational interaction between shell-universe and the galaxy. In the RS 
gauge, in presence of matter on the brane, the brane is bent with respect 
to a coordinate system based on the flat brane. In presence of matter T^,y, 
the location of brane is given by y = yo — (,{x'^), where ^(a;^) is the solution 
of the equation |71 |S| 

d^d^^Cixn = yT . (22) 

An additional slice deformation (5^ results the appearance of a dark matter 
on the brane with the following equation 

A<5e=y(3p-p) , (23) 

which comes from H22|l . where p and p - dark matter pressure and density 
are assumed to be time independent quantities. 

Using the eq.© one finds the following relation between the dark and 
baryonic matters 

A(3p-p) = ^roo . (24) 

Under assumption that dark matter is essentially pressureless the eg . (1241) 
far from the galaxy takes the form 

Ap^-^^(f). (25) 
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Its solution with the boundary condition p[r = R) = has the form 



P = 



3\M /I 
8D \r 



R 



1 



) 



(26) 



and is not consistent with the logarithmic modification of the potential 
at large distances from the galaxy center. However, as it was already 
mentioned, this type of dark matter disappears in the correct gauge 

3 Summary 

We have considered two possibilities related with the local deformation of 
a brane which could account for the dark matter in the galactic halo for 
4d observer. Both types of dark matter considered here are undetectable 
directly from the standpoint of a 4d observer, but they lead to the modifi- 
cation of Newton's law. 

The first possibility related with the local increment of the brane tension 
leads to the modification of Newton's law at large distances r ^ tq , which 
is in agreement with the eq.l^. So, in our approach each massive object 
is surrounded by the elastic energy halo, which effectively plays the role of 
dark matter. Consider the brane as a vacuum configuration the appearance 
of elastic energy is some kind of vacuum polarization effect due to matter. 

We notice that the present scenario may also be viable for the RS model 
containing two branes . In this case the hidden brane attracts or repulses 
the galaxy and thereby leads to the deformation of visible brane in the 
vicinity of the region where the galaxy is situated. 

The second possibility, which is related directly to the bending of a 
brane due to presence of a matter, does not lead to the desirable modi- 
fication of the Newton's law at large distances One needs not worry 
about this because, as it was mentioned above, this kind of bending is an 
artefact of incorrect gauge fixing condition ^ , and thereby this possibility 
is merely ruled out. 
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Appendix 

Following to the textbook ^H]) we briefly recall the results related with the 
small deformation of an elastic plate slightly adapted to the 4-dimensional 
case. Introducing the displacement vector u^{x'') {i, fc = 1, 2, 3), which 
characterizes the shift of the particles of an elastic body under the defor- 
mation, the deformation tensor for small deformations can be written in 
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the form 



Uik = 7; {diUk + dkUi) 



The strength tensor corresponding to this deformation is given by 



E 



l + cr 



Uik 



1 -3f7 



Siku 



(27) 



(28) 



where u = E is Young's modulus and the Poisson's coefRcient a takes 
values in the interval — 1 < cr < 1/3. The deformation energy density reads 



(y^^Uik 



E 



1 + 0- 



u'^u^k + 



1 - 3cr 



(29) 



Consider an elastic 3-dimensional plate located at y = 0. Usually the 
internal stresses appearing under the small deformation are much greater 
than the force that acts on the unit of plate area. This leads to the condition 
(Jikn^ = 0, where is unit normal to the plate. By virtue of ea. (|28|l this 
condition gives 

Uly = U2y = U3y — 0, Uj 



g(mi + U22 + ^33) 

2(7- 1 



(30) 



If displacement = —({x^, x"^, x^) is known then from eg. 1)30(1 one can 
find 

■ui=ydiC, u2=yd2C, u3=yd3C, (31) 
and correspondingly 



Mil = ydfC , U22 = ydlC , 1*33 = 2/<9|C 



(32) 



To simplify our consideration we suppose a is close to 1/3. Under this 
assumption the second term in ea. ((29|l becomes dominant and by taking 
into account that Uyy ~ —y^C the deformation energy density of an elastic 
plate, after integrating across the plate, takes the form 



(33) 



where A denotes the 3d Laplace operator and D is the stiffness coefficient. 
For the variation one obtains 



.1 



d^x{ACf = 
= J d^xSCA\ - (j^ df {SCdkAC - ACdkSC) , 



(34) 



where d/*^ is the surface element directed along the exterior normal. The 
equation governing the deformation is obtained by equating S£ to the vari- 
ation of the potential energy of plate. If P, the force per unit area of 
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plate, is perpendicular to the plate then by taking into account ea. H34|) the 
equation governing deformation takes the form 

DA^C = P , (35) 

with the conditions 

(5C = AC = (36) 

at the boundary surface. 
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